ON THE ESSENTIAL SPECTRUM OF THE LAPLACIAN 
AND THE DRIFTED LAPLACIAN 



LEONARDO SILVARES 

Abstract. This paper concerns the essential spectrum of the Lapla- 
cian A and the drifted Laplacian A/ on complete Riemannian manifolds 
endowed with a weighted measure e~-^dvolg. We prove that the essen- 
tial spectrum of the drifted Laplacian A/ is [0, oo) provided the Bakry- 
Emery curvature tensor Ric/ is nonnegative and / has sublinear growth. 
When Ric/ > and |V/p< /, we show that the essential spectrum 
of the Laplacian is also [0, oo). During the proofs of these results, the 
/-volume growth estimate plays an important role and may be of inde- 
pendent interest. 



1. Introduction 

The spectra of the Laplacian of complete non-compact manifolds has been 
studied and computed for a large class of manifolds in the past two decades. 
When the manifold has a soul whose exponential map is a diffeomorphism, 
supposing non-negative sectional curvature and some other additional con- 
ditions, Escobar [5j and Escobar-Freire [6j proved that the spectrum of 
the Laplacian is [0,oo). The additional conditions assumed by them were 
proved to be unnecessary by Zhou [15]. 

If the manifold has a pole, the essential spectrum of the Laplacian was 
proved to be [0, oo) by Li [8] (supposing the Ricci curvature non-negative) 
and by Chen-Lu [3] (supposing the radial sectional curvature non-negative). 
The same result was proved by Donnelly [3] when the Ricci curvature is 
non-negative and the volume has Euclidean growth. 

Without having to assume the existence of a pole, J. Wang [13] proved 
that the essential spectrum L'p of the Laplacian is [0, oo), for p S [l,oo), 
provided the Ricci curvature is bounded below by where r is the 

distance from a fixed point on the manifold and 5 > depends only on 
the dimension. This result was generalized by Lu and Zhou pj, assuming 
only that lim ^^^ Ric = 0. Both works proved initially that the essen- 
tial spectrum is [0,oo) and extended this fact to L^', p G [l,oo], by using a 
result proved by Sturm [12] which asserted the p-independence of the spec- 
trum when the volume has uniform sub-exponential growth and the Ricci 
curvature is bounded below. 
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Circumventing the use of Sturm's Theorem [12j by a generahzation of 
Classical Weyl's Criterion, Charalambous and Lu [Ij extended the results 
previously obtained in to the case where Ric is asymptotically non- 
negative and lim^-i-oo^'' < 0. 

In many occasions, it is natural to consider a manifold M endowed with a 
weighted measure of the form dvolg, where / is a smooth function. We 
have the drifted Laplacian Aj, defined by 

AfU = Au- (V/, V-u) , 

associated with the differential of the volume form of e~^dYo\g the same 
way A is associated to dvol^. Moreover, Aj is a self-adjoint operator on the 
space Lj of square integrable functions on M with respect to the measure 
dvolg. A natural extension of the Ricci curvature tensor to this new 
context is the Bakry-Emery Ricci curvature tensor, given by 

Ric f = Ric + Hess /. 

Manifolds with the Bakry-Emery Ricci curvature bounded below have 
been studied by many authors in recent years, with the special objective of 
obtaining similar results to the case where the Ricci curvature is bounded be- 
low. Many results have been obtained, particulary some interesting 
volume estimates and splitting theorems, which can be found in [T3] and 
In this paper, we apply some of these results to the analysis of the drifted 
Laplacian Af. A natural context for the Bakry-Emery Ricci curvature ten- 
sor is the study of gradient Ricci solitons, manifolds where Ricj = Xg, for 
some constant A and function /. 

Our main goal in this paper is to determine the and L'j essential 
spectrums of —A and — Aj respectively, supposing some lower bounds for 
Ric J and imposing conditions on /. 

We state now our first result. Fixing p £ M and denoting r(x) = d{p, x), 
we have: 

Theorem 1. Let M be a non- compact complete manifold. // / : M — )• M 
is a smooth function such that Ric/ > and liuir^oo = 0, the L'j,{M) 
essential spectrum of —Aj is [0,oo). 

Remark 1. In order to prove this Theorem, we could suppose only 
Ric/(Vr, Vr), provided we assume, in the case vol/(M) < oo, that 
vol/ (Up (r)) does not decay exponentially at p. We are denoting by vol/ 
the volume calculated using the density e~^dvolg. 

Remark 2. We remark that the hypotheses limr_>oo = of Theorem [T] 
is somehow sharp. For a > 0, it is known an example of M and / such 
that Ric/ > 0, lim^^-oo = ^ and the Lj(M) essential spectrum of —A/ is 
not [0, (X)). Consider a gradient steady Ricci soliton, i.e. a manifold {M,g) 
satisfying Ric/ = Rij + fij = 0, and take a > such that |V/p+5 = a^. 
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where S is the scalar curvature of M. It is well known that / has linear 
growth and, by [lO], the spectrum of — Aj is contained in [^a^,oo). 

The following theorems, which are used in the proof of Theorem [H are 
also of independent interest. 

Theorem 2. Let M be a non-compact complete manifold. If f : M ^ M is 
a smooth function such that Ricj > and limr-s>oo ■7-^=0, then 

r— >oo e 

for all C > 0. 

Theorem 3. Let M be a non- compact complete manifold. If f : M ^ M is 
a smooth function such that Ric/ > 0, limj._^oo -^r = and volj(M) < 00, 
then the f -volume of M does not decay exponentially at p. 

One may naturally ask what happens to essential spectrum of — when 
the condition Ricj > is strengthened to Ricj > ^g. According to [7j, it is 
empty since the spectrum of — Aj is discrete. However, we can make te same 
question about —A. In the case Ric/ = ^g, Lu and Zhou [9j proved that 
the essential spectrum of —A is [0, 00), supposing uniform sub-exponencial 
volume growth or limi2/r^ = 0. Later, Charalambous and Lu [1] proved 
this result without such hypotheses. Notice that this is the case of a gradient 
shrinking Ricci soliton, because its equation 

Rij + ViVjf = pgij,p > 0, 

can be normalized to p = ^. 

We have the following theorem: 

Theorem 4. Let M be a non-compact complete manifold. If f : M ^ M is 
a smooth function such that Ric/ > ^g and |V/p< /, the L'^{M) essential 
spectrum of —A is [0, 00). 

This paper is organized as follows. In Section [21 we start with a brief 
review of the Weyl's Criterion for self-adjoint operators in a Hilbert space, 
and adapt this criterion for the particular use in and Lj. In Section El we 
present a technique for obtaining smooth approximations of distance func- 
tions, and use the hypotheses on Ric/ and / in order to ensure some useful 
estimates on the decay of the approximate distances. In SectionHjwe present 
a sequence of Lemmas and volume estimates Theorems which will lead to 
the proof of the first main Theorem, which will be done in Section [5l In 
Section [6l assuming the hypotheses in Theorem [H we adapt the estimates 
obtained in Section |4| and prove Theorem [H 
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and personal development. The author also wants to thank Guofang Wei 
for her interest on this work and some remarks. 

2. Notations and Weyl's Criteria 

Let H he a self-adjoint operator in a Hilbert space Ti whose inner product 
is denoted by (•, •) and its norm by ||-||. We denote by cr{H) the spectrum 
of H and by acssiH) its essential spectrum. 

Theorem 5. (Classical Weyl's Criterion) A nonnegative real number \ be- 
longs to (j{H) if, and only if, there exists a sequence {ujjjgN C dom(//) 
such that 

(1) \\ui\\ = 1, Vi; 

(2) [H - \)ui in Ti, as i ^ oo. 

Moreover, A belongs to a^ssiH) if, and only if, there exists a sequence 
{ujjjgN C dom{H) satisfying (1), (2) and 

(3) Ui ^ weakly in H. 



As a consequence of the Weyl's Criterion, we have the following Theorem, 
which is consequence of a more general version in [1]: 

Theorem 6. A nonnegative real number A belongs to cr{H) if, and only if, 
there exists a sequence {ui}i£fq C dom(i7) such that 

(1) \\ui\\ = l,Vz; 

(2) {{H + l)~^Ui, {H - X)ui) ^0 asi^oo. 

(3) {ui, {H — X)ui) — as i — 7- oo. 

Moreover, A belongs to acss{H) if, and only if, there exists a sequence 
{ujligN C D{H) satisfying (1) - (3) and 

(4) — 7- weakly in % . 



Given R C M, p £ [l,oo) and / G C~(M), we define 
LP{R) := LP{R,g,dvolg), L^f{R) := LP{R,g,e-Uvolg) and the norms 



\lp{R) '■— ll'"'llLP(i?,,3,dvol9) ■— ( / dvdig 



1 



R 



Sometimes we write simply = LP{M) and = LF^{M). 

Notice that, endowed with the inner products (u, f) = fj^uvdvolg and 
(m, v)f = uve~^ dvolg, respectively, and L'j are Hilbert spaces in which 
—A and — Aj are self-adjoint (unbounded) operators. 

Defining 

ll"llL-(m ■= sup{|u(2;)|}, ||u||^oo(jvn := sup{|u(x)|}, 

^ ' xeR ^ ' xeM 
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and denoting by (M) the set of compactly supported functions M 
we have the following result: 



Corollary 1. If there exists a sequence {ui} C C^{M) such that 

II'"«IIl°°{m) ~ -^)^»Hli{m) 

(1) 2 ^ as i ^ oo; 

II^«IIl2(m) 

(2) for any compact K C M, there exists io such that the support of Ui 
is outside K for i > io; and 

(3) 9(supp(nj)) is a C°° [n — l)-suhmanifold of M , 



then X G (Tess(— ^/) • 

Proof: Without loss of generality, we assume that ||^ii||i2(j^/j) = 1 for all i. 
Hence, 

IkillL-(M) - ^)^i\\L){M) 0- 

Since 

{ui,{-Af - X) Ui)r = / Ui ■ {-Af - X)ui e~-^dvo\g 
^ Jm 

< / ■ \{—Af — X)ui\ e^-^dvolg 
Jm 



< ll'"i|lL°°(M) 



/ \{—Af — X)ui\ e -^dvolg 
Jm 



the condition (3) of Theorem O is satisfied. We shall now verify 
condition (2). 

Since each Di := supp(iii) is a compact set with smooth boundary and 
A J is an elliptic self-adjoint operator, there exists Vi E C°°{Dj) such that 

{{-Af + l)vi)\j^^=Ui, 
vi\aD,= 0. 

For each z, Di is a compact set, so we take Xi G Di such that 
\vi{xi)\= sup^g£)Jt;i(x)|= ||'Ui||Loo(£)^). Without loss of generality, we sup- 
pose Vi{xi) > 0. Therefore 

Aviixi) < 0,Vvi{xi) =0. 
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Now we have 

||'"i||L°° 



\Ui\\L°°{Di) 

\{-Af + l)vi\\Lc^(_D.) 

> \{~Af + l)vi)ixi)\ 
-{AfVi){xi) +Vi{xi)\ 
-{Avi){xi) + {Vf,Vvi) {xi) + Vi{xi)\ 

> Vi{Xi) 
= lbi||z,°°) 



which leads to 

((-A/ + l)-^u,,(-A/-AK)y 



= / {i-Af + l)-\i)-{-Af-\)uie-fdvolg 

JM 

= / {{-Af + l)-^Ui)-{-Af-X)uie-U\o\g 

JDi 

< I \{-Af + l)-^Ui\-\{-Af-X)ui\e-UYo\g 

JDi 
JDi 

< hihoofDi) ■ / \i~^f->^)ui\ e~fdYo\g 

JM 

illL°°(M) ■ ll(~A/ ~ '^)^illLi(M) • 



< U 



This proves that 



((-A/ + l)-^u,,(-A^-AK)/ 



0. 



□ 



Analogous to previous Corollary, we have 
Corollary 2. If there exists a sequence {ui} C Cq°{M) such that 

(1) — 2 ~^ as ^ oo; 

ll^j|lL2(M) 

(2) For any compact K C M , there exists io such that the support of ui 
is outside K for i > io; and 

(S) 5(supp(ui)) is a C°° {n — Vj-suhmanifold of M, 



then A G cress(— A) 



3. C°° APPROXIMATIONS OF r 



In this section, we fix p G M and / G C°^(M) and let r{x) = d{x,p). 
Given a decreasing continuous function 6 : M.'^ — >■ W^, such that 



ON THE ESSENTIAL SPECTRUM OF THE LAPLACIANS 7 

linir^oo = 0, we are going to construct functions b and f in C°°(M) 
satisfying 

i- \\HL}{M\B,{r)) < ^(r)' 

ii. ||Vf - Vr||^i (^^\5^(p)) < 

iii. |f(x) — r(x)| < 6{r{x)) and |Vf(x)| < 2,Vx £ M, r(x) > 2, and 

iv. Afr{x) < sup {Ajr(7/)} + 5{r{x)) + ,Vx G M, r(x) > 2 in 

s/eB^(i) 
the sense of distributions. 

Remark 3. We would like to emphasize the fact that the functions f and 
b depend on the given 6. In the proof of forthcoming lemmas and theo- 
rems, some conditions on the decay of 5 will be imposed; we will consider 5 
satisfying all those conditions. 

The construction of such an approximation is done in |9] and [T] for 
and A instead of Lj. and Aj. The adaptation is not difficult, but, for the 
sake of completeness, we present the construction here. 

We shall now obtain a suitable partition of the unity. Taking x G M, we 
consider a neighborhood Ux such that 

• there exist local coordinates Xj defined in an open set containing Ux 
such that X = (0, . . . , 0); and 

. if V/(x) = fi{x)dx\ then |V/(y) - Ei Mx)dx'{y)\< 6{r{y))/4 for 
aU y £ Ux- 

Moreover, we reduce the Ux in such way that Ux C Bx{l) for all x. 

We may extract a locally finite cover {[/jjigN from {Ux}x<^M, and let {ipi} 
be the associated partition of the unity. 

Let ^(x) be a non- negative smooth function whose support is within the 
unit ball of M" and such that 

^dx = 1. 

Fixing i G N and e > 0, we denote Xj = {xj, ...xf ) the local coordinates 
of Ui (as above). Define 

(1) n,e^i^^) = ^ [ ^(^)r{x,+y,)dy, 

and rrii := sup^.{|V?/'i| + |Aj'i/'j|}- We take em ([T|) such that, for all x G Ui, 

, / N / M 6(r(x)) 

(2) |r,,,,(x)-r(x)|<-^^, 

(3) |Vr,,,,(x)|<2 
and 

(4) ||Vr,,(x)-Vr(x)||^.(^^)<^^^M^. 
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Define, for x G M, 

^(^) = V'j(2;)ri,£.(a;) and b{x) = 2^ (VV'(x), Vrj^g. (x)) 

i i 

Thus, at eacli point x, we have 

Afr = [(^ f^^He. + A fVi^e, + 2 (W, Vri,,J] 

i 

i i 

and, since Ylii^f^iy = '^^f (Y^i'^i) = ^^/l = 0, 

^f^ = IZ(A/V'i)(r'i,e. -r) + Y. V'iA/ri,,, + b. 

i i 

Let us now estimate the right side of above equation. 
By ([2]), we have, for x £ Ui, 

\AfiJi{x){ri^eAx) - r{x))\< m^— < ^ , 

and, by Lemma [T] below, 

A/ri,,^(x) < sup {Afr{y)} + ^^''^''^^ 



so, 



y^tpiAfVi^e, < y^i^ii sup {A/r(y)} + 



6{r(x)) 



sup {A/r(y)} + 



2 

<^(r(x)) 



Therefore, for all x € M, 



Ajf(x) = sup {Afr{y)} + 5{x) + b{x). 

yeB.{i) 

Since (V^/", Vr) = (V ^j) , Vr) = almost everywhere, we have 
6 = 2^(VV'„(Vri,,,-Vr)), 

i 

almost everywhere. Thus, by (jl]). 
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L}(M\Bp(r)) 



< 2||^(VVi,(Vr,,,,-Vr))||^i 



{M\Bp{r)) 



S 2 E 

i I C/,n(A/\Bp{r))^0 



e» - ^ ' IIL}(C/,) 



< 2 



E 



l|VV'i||L5?'{C/,)l|VriP, - Vr 
(5(r - 1) 



i I C/,n(M\Bp(r))^0 
< 5(r-l). 



Lemma 1. /n t/ie above construction, £i may be chosen so that 



A^r,,,(x)< sup {Ajr{y)} + ^-^^, 
yes,(i) ^ 



/or a// X G Ui 



Proof: Initially, notice that, by ([3]) and by the second condition assumed 
about the neighborhoods Ui 



\{Vfix),Vrix))-{Y,fjd^'ix),Vr{x))\ = KV/(x) - /,9x^'(x), Vr(x))| 



< 



5{r{x)) 



and 



|(V/(x),Vr,,,,(x)) - (j;/,9x^-(x),Vr,,,,(x))| = 

j 

= KV/(x)- J^/,ax^-(x),Vr,,,,(x))| 



< 



d{r{x)) 
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On the other hand, we have 
Afn^^^ix) = Ar,,,^(x)-(V/(x),Vr,,,,(x)) 

< Ar,,,(x) - </,5x^(x), Vr,,,,(x)> + 

S{r{x)) 
2 

+4 / ^ (-) [^^(y^ + - </i^^'(yi + Vr(y, + z,)>] dz, 
2 

+1 / ^(5i)[Ar(y, + z,)-(V/(y, + z,),Vr(y, + z,)) 



+ 

6(r{x)) 



dzi 



+4 / ^ (-) [^^y^ + - i^fiyi + z^)' Vr(y, + z,))] dzi 
= 5{r{x)) + ^[ e(^)A/r(y, + z,)dz, 

7]R" ^ ^ 

< 5(r(x)) + ( sup Afr] ^ / ^ f ^^^1 ^^^^ 

< S{r{x)) + sup {Afr{y)}. 

□ 

Define the lower level set Bp{t) of the function f by 

:= {x G M,f(x) < t}. 

We have the following relationship between the volumes of Bp{t) and 
Bpit). 

Lemma 2. Given a > 1, the function S in the construction of f may be 
taken so that, 

(1) z/vol/(M) = oo, 

a-^ vol/(Sp(t)) < vol/(Bp(t)) < aYo\f{Bp{t))- 

(2) ifvolf{M) < oo, 

a~\volf{M) - volf{Bp{t))) < 

<YOlf{M)-YOlf{Bp{t))< 

<a{volfiM)-vo\f{Bpm 

for allt > 1 . 
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Proof: We will proof first the case vol/(M) = oo. 
For any t > 1, take r]t such that 

a'^ vol f{Bp{t + r]t)) <volf{Bp{t)) < a vol f{Bp{t - rjt)). 

By continuity, we suppose that the above inequalities hold in an open 
neighborhood Ut of t. By considering all t > 1, we have a cover {Ut} of 
[l,oo), from which we extract a locally finite cover {Ut^}. Now, take the 
function 6 so that 2d{t) < infjj jgj/^ j T]t^, 5{t) < 1 and 5{t — 1) < 2d{t). 

If x E Bp{t), we have r{x) < t, and so r{x) < t + 6{t). Indeed, if 
this was not the case, we would have r(x) > t + 5{t) and so 
\r{x) — r{x)\> r{x) — r{x) > t + 6{t) — r{x) > 6{t), contradicting the con- 
struction of f. Therefore Bp{t) C Bp[t + 6). 

Now take x G Bp{t — 26{t)). If r(x) < t — 1 then, by the construc- 
tion of f, we have r[x) — r{x) < 6{r{x)) < 1 and so f{x) < 1 -|- r{x) < 
1 + t - I = t. On the other hand, if t - 1 < r{x) < t - 26 {t) then 
r{x) - r{x) < 6{r{x)) < 6{t - 1) < 26{t) and so f{x) < r{x) + 26{x) < t. 
Therefore Bp{t - 25{t)) C Bp{t). 

We have just proved that 

Bp{t - rjt,) C Bpit - 25{t)) C Bp{t) C Bpit + 2d(t)) C Bpit + rytj, 

thus 

vol f{Bp{t)) < vol f{Bp{t-rjt J) 

< volfiBpit)) 

< volf{Bp{t + rjt,)) 

< avolf{Bp{t)). 

For the second case (voly(M) = oo), if we take rjt so that 

a"^(vol/(M) - volf{Bp{t - r]t))) < vol/(M) - volf{Bp{t)) 

< a{volf{M) -volf{Bp{t + 7]t))), 

the result follows as above. 

□ 

Since it will be used later, we present an analogous construction for 
and A. Given 5 : — t- M"*", we construct b and f in C°°(M) such that 

i- \\HmAi\B,,{r)) < '^(^); 

ii. ||Vf- Vr||^i(j^^^^^(p)) < (5(r); 

iii. \r{x) — r{x)\ < 6{r{x)) and |Vf(x)| < 2,Vx G M,r{x) > 2, and 

iv. Af(x) < sup {Ar(y)} -|- 6{r{x)) + \b{x)\ ,Vx G M,r{x) > 2 in the 

sense of distributions. 

Using this new construction of f, Lemma[2]remais valid if we replace vol/ 
with vol. 
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4. Estimates for A/r and volf{Bp{r)) in the hypotheses of 

Theorem [T] 

Before we can prove Theorem [H we need some results concerning the 
/-volume of Bp{r). In this section, we obtain estimates for the growth of 
the function r i— )• vol/(i?p(r)), in the case vol/(M) = oo, and its decay, in 
the case vol/(M) < oo. 

For the sake of simplicity, in the proofs of this section, we define the 
notation Vf{r) := volf{Bp{r)). 

Lemma 3. In the hypothesis of Theorem Ul i/ Ricj(Vr, Vr) > and 
linir^oo = 0, then 

lim Afr < 0. 

r— >oo 

Proof: Observe that 

< Ric/(Vr, Vr) = Ric(Vr, Vr) + VvrVvr/, 

so 

(5) - VvrVvr/ < Ric(Vr, Vr). 

Let j{t) be a minimizing normal geodesic starting from p. By the Bochner 
Formula, we have, along 7, 

= ^A|Vr|= |Hessrp+(Ar)' + Ric(Vr,Vr), 

where the derivatives are calculated with respect to t. Hence 

CAr)^ 

(6) (Ar)' = -|Hessrp-Ric(Vr, Vr) < --^ — -Ric(Vr,Vr). 

n — 1 

Combining ([5]) and ([6]), we have 
(r^A/r)' = (r^Ar - r^Vvr/)' 

= 2rAr + r^iAr)' - 2rVvr/ - r^Vvr-Vvr/ 

< 2r Ar - r^ -^^ r^ Ric(Vr, Vr) - 2rVsjrf + r"^ Ric(Vr, Vr) 

n — 1 

f Arl^ 

= 2rAr - r^ A L. _ 2rVvr/ 

n — 1 

/ \ 2 

= - - \/^^J + (n - 1) - 2rVvr/ 



< (n - 1) - 2rVvr/- 
Since r^Ajr vanishes for r = 0, we have 

„2 



Afr < {n-l)dt-2 tV^/rf dt 
Jo Jo 

rr 

= {n-l)r + 2 f{t) dt -2rf{r). 
Jo 
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Taking ro such that |/|< er for all r > r^, we get 

r^A/r < {n-l)r + 2e t dt + 2 f {t) dt + 2er'^ . 

Jro Jo 

< {n — l)r + er^ — er^ + roCm + 2er^, 

where Cro = supBp{ro)\f\- Therefore, 

(n — 1) rnCm 
Afr< ^ ^ ' + 3e + 

Since the above expression is independent on the geodesic we consider, 
we can take ri > such that Ayr < 4e for x £ M \ Bp{ri). Therefore, 
lim^-^oo Ajr < 0. 

□ 

Lemma 4. In the hypotheses of Theorem{l\ and supposing volj(M) = oo, 
for all e > and to large enough, there exists R = R{e,tQ) such that, for 
t > R, 



Bp{t)\Bp{tQ) 



\Aff\ e~f dvolg < evolf{Bp{t + l)). 



Proof: By the construction we have done in section [3l 

Aff < sup {Ajr{y)} + d{r{x)) + b{x), 

so, 



|A/f|<2 sup {Afr{y)} + 5{r{x)) + \b{x)\\ - Aff, 

in the sense of distributions. 

Given e > 0, by Lemma [3] we take ro > such that, for r(x) > rg, 
suP2;eB^(i){^/^(y)} + Hr{x)) < e. Thus, for r > ro, 



Bj,ir)\Bp{ro) 



Aff\e-fdvolg < UVfir)-Vfiro) + 2 [ \b\ e'^ dvolg 

2 JM\Bp{ro) 



Aff e ^dvolo 



Bp(r)\Bp(ro) 



.(Vfir)-Vfiro)) + 2 



M\Bp{ro) 



\b\ e -^dvolg 



dBp{r) 



^ e -^dvolg + 



dBpiro) 



^ e -^dvolg 
on 



Since —a < \a — 1|, Va G M, we get 
^ e~^dvo\g < 

dBp{r) on JdBpir) 



dr 
dn 



'^dvolq, 
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\Aff\ e-f dvolg < ^{Vf{r)-Vf{ro)) 



2 
+2 



(7) 



+ 



+ 



Since 



'M\Bpiro) 
'dBpiro) 

I 

IdBpir) 

\b\ e'Uwolg < 5{ro) < e, 



\b\ e -^dvolg 



^ e -^dvolg 
on 



dr ^ 

dn 



d\o\, 



a • 



lM\Bp{ro) 

and volj(M) = oo, fixing tq such that 

(8) Vf{ro) > 1, 

(9) l|Vf-Vr||^i(^\B^(,„))<l. 

Taking r large enough, we have 



s{Vf{r)-Vf{ro))>e + 



dBpiro) 



^ e -^dvolg. 



thus 



Bp{r)\Bp{ro) 



\Aff\e^^dYolg < -{Vf{r)-Vf{ro)) + e + 



dBpiro) 



^ e -fdvolg 
on 



+ 



dBpir) 



df ^ 

dn 



dBpir) 



df 
dn 



e ^ dwolg . 



By dSD, 





df ^ 






Ir JdBpit) 


dn 



rr-\-L r 

'^dvolg = dt |(Vf- Vr, Vr)| e^-^dvolg 

Jr JdBpit) 
i-r+l r- 

< dt |Vf-Vr| e'^dvolg 

Jr JdBJt) 



< 

< 
< 1 



M\dBpir) 



IdBpit) 

|Vf — Vr| e^-^dvolg 



/ |Vf - Vr| e"^(ivolj 

iM\9Bp{ro) 
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therefore, for some r' G [r, r + 1], we have 

/ 



df ^ 
dn 



e -^dvolg < 1. 



Hence, 



Bp(r)\Bp{ro) 



|Ajf| e ^ d\o\g < 



df 



Bp{r')\Bp(ro) 

< y(^/(0-V/(ro) + l 
= y V7(r') - |y/(ro) + 1 

< |vol;(i?,(r + l)). 
We have used dH) in the last second hne. 

The fohowing result estimates the growth of vo\f{Bp{r)). 

Theorem 3. Let M be a non- compact complete manifold. If f : M 
a smooth function such that Ric/ > and limr-s>oo — = 0, then 

lim=!!i<aM)=0. 



for all C > 0. 



Proof: Denoting Af{r) = volf{dBp{r)), by LemmaO 



'■^dvoL 



dBp{r) 



/ (V/,Vr)e"-^(ivolg+ / Ar dvol 

JdBpir) JdBp(r) 



Mr) 

Afr e^-^dvol 



IdBpir) 

< h{r)Af{r), 
where h{r) := supg^^j-^) ^Z'^- Thus, 



{logAf{r)y = ^^<h{r), 
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which imphes 

rr 

log Af{r) < / hit) dt + log Af{l), 
Jo 

and therefore, 

Af{r) < Cie^oHt)dt_ 
Given C > 0, if ro > is such that h{r) < C/2 for r > tq, we have 
Af{r) < Ciefo°Ht) rft+f (r-ro) ^ C2e^r^ 

for ah r > tq. Therefore, 



r—^oo r—^oo Cs^^ 



r— >-oo Ge 
= — hm 6 2=0. 

(_7 r— >oo 



□ 

Lemma 5. Let f (not necessarily as in the hypotheses of Theorem [Jl) be 
such that 

hm Z^ki^EM = 0, 

r— >oo e 

for all C G M. Then, for R > 0, there exists a sequence — )• 00 0/ rea/ 
numbers such that Yolf{Bp{rj^ + R+1)) < 2volf{Bp{ri.)). 



Proof: Given R > 0, set = {k - 1){R + I), k G N. If there exists 
infinitely many indices k satisfying Vf{rk + R + 1) < 2Vf{rk), by passing to 
a subsequence of r^, we wiU have the desired sequence. If this is not the 
case, we have 

Vf{k{R + 1)) = Vf{rk + R+l)> 2Vf{rk) = 2Vf{(k -1){R + 1)), 
for k larger than some /cq. Therefore, 

Vf{k{R + 1)) > 2^-''Wf{{kQ - 1){R + 1)). 

Taking C such that 2^'^^Vf{{ko -1){R + 1)) > e^''(^+i) for large /c G N, 
we have 

Vf{k{R + l)) 

gCfc(R+l) ^ ' 

which contradicts the hypotheses. 

□ 

The last two Lemmas lead us to the following. 

Lemma 6. In the hypotheses of Theorem \^ for R > 0, there exists a se- 
quencerk — ?■ 00 of real numbers such that vol f{Bp{rk+ R+1)) < 2volf{Bp{rk))- 
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In the hypothesis of Theorem [T] we cannot prove that the /-volume of M 
is infinite. Supposing now vol/(M) < oo, we will get an interesting estimate 
on the decay of the /-volume. 

If vol/(M) < oo, we say that the /-volume of M decays exponentially at 
p if exists C > such that 

vol/(M) - vol/(5p(r)) < e-^^ 

for all r large enough. 

Theorem 4. Let M be a non-compact complete manifold. If f : M is 
a smooth function such that Ric/ > 0, lim^^oo -^r = and vol/(M) < oo, 
then the f -volume of M does not decay exponentially at p. 



Proof: This proof is inspired by the idea of |1H Lemma 5.2]. 
Suppose in contradiction the existence of C > such that 



(10) vol/(M\5p(r)) < e 



-Cr 



Take R>0 such that ^ < e < C/4 in M \ Bp{R - 1), and let g G M be 
such that d{q,p) = R + S, for arbitrary S > 0. Denote by 

J/(t,C) dtd^ := e"-^(ivolg|oxp^{tg) 

the /-volume form in geodesic polar coordinates (t,^) from q. We have 

dvolg = Jf{t,^) dtd^, 

so 

(11) At = ^log(eO^(t,0) 

= ^(/ + log(J^(t,e)) 

= (v/,vt) + ^iog(j/(t,e)). 

Let PR be a point in the minimizing geodesic from p to and such 
that d{pji,p) = R. Taking a, —1 < a < 1, let x be an arbitrary point of 
dBq{S + a) n Bp^iX) and 7 be the minimizing geodesic such that 7(0) = q, 
7(5* + a) = X. Notice that, since 7 is a minimizing geodesic, if we define 
y := 7(2 + o), each x will determine, in an injective way, y £ Bq(2 + a). 
Moreover, we have y = expq{ay (,y), where Oy = a and E,y = 7'(0). 
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\ dB,{s + i}/ /aB,(S-l) 

/ /T=S+a / 

aBp(B-i)\ / / / 

\ / / / dB,(2 + a) 



For the sake of simplicity, we denote T = S + a and f{t) = f{'y{t)). Since 
r(7(t)) = d{p, Jit)) < dip, x) + dix, Jit)) <R+l + T-t, 

we have 

(12) |/(7(t))l< erijit)) < e((i? + l + T)-t). 

Since Ric+VV/ = Ric/ > 0, we have 

= = |Hess tf+iAt)' + Ric(Vt, Vt) 



2 



> i^ + iAty-f", 

n — 1 



so 

^2 



n — 1 

Multiplying by and integrating from to s < T, we get 

t'^iAt)' dt < j'^ t^f'it) dt - t^iAt)'^ dt, 

which is equivalent to 

s^Atis) < 3— / [t^iAt)"^ -2in-l)tAt\ dt+ [ t^f"it)dt 

n — l Jo Jo 

~t f S f S f s 

= -/ [tAt-in-l)f dt + in-1) dt + t^f"it)dt 

n — l Jo Jo Jo 

< in- l)s + s'^f'is) -2 [ tf'it) dt. 

Jo 

Therefore, 

Atis)<- — +ris)-^ / tf'it) dt. 

s s Jo 
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Using (fTT]l and integrating again from b := 2 + a to T, 

— log{Jfis,0)ds 
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(Atis) - f'is))ds 



(n-l)(logr-log6) 



(13) 



T 



tf{t)dt ds. 



Now we estimate the last term in (|13p . Integrating by parts and 
using dm), 



2(/(T) - fib)) 



£ ^ds J\f'{t)dt = (^^J\f'{t)dt^ 



2 
T 



f{t)dt + - I f{t)dt 



< — 
- T 

< 2e 



T 



\f{t)\dt + - / \f{t)\dt 



{{R+l+T)-t)dt 

+ \ f {{R+l + T)-t)dt 
b Jo 



2e 



2{R + l + T) 



T + b 



< 4e{R + 1) + 4eT. 



Putting this into (fT3]) . we get 

log( J/(r, 0) - log( J/(^ 0) < (n - 1) log T + AeT + 4e{R + 1). 

Reminding that S— 1<T<S + 1 and — 1 < a < 1 , there exists ci and 
C2 constants and independent from a, ^, S, q such that 

(14) Jfia + 2,0 = Jf{b,0 

> g-(n-l)logT-4eT-4e(H+l)j^(^j.^^-) 

Now, let U C (Sq(3)) and V C T^M be, respectively, the set of all y and 
{ay,(,y) constructed as above. Notice that each x £ Bg{l) determines an 
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unique y in U and {ay,£,y) in V. Therefore 

^_C{R+S-3) > volf{M\Bp{R + S -3)) 

> volf{B,{3)) 

> vol f{U) 



> 



Jf{a, ^) dr 



> g^g-c2log5-4e5 /" j^(S + a,Odrd^ 
Jv 

-C2 log 5-4^5 f g-^dvoL 



> cie 



> cie' 



-C2 log S—AeS 



expq(V) 



Since M is complete, we take K = miup^ wo\f{Bpj^{l)) and so 



which is an absurd for large S. 



^ g-C(i?^+5-3) 

> Kcie-'=2'°sS-4£5 



□ 



Lemma 7. Suppose volj(M) < oo. Given e > 0, t/ie construction of f in 
Section can 6e made so that, for R > large enough, we have 

/ |A/f| e~-^dvolg < e(vol/(M) - vol/(5p(t))) + 2vol/(5Sp(t)), 

for t> R. 



Proof: As remarked in the beginning of Section [31 given e we choose 5 so 
that 

5{r) < e{volf{M) -Vfir)). 



Therefore, 



Since 



and 



M\B{t) 

dr ^ 
dr 



\b\< S{t) < e(vol/(M) - Vf{t)). 



|(Vf - Vr, Vr) |< |Vf - Vr| 



^Hm^||Vf-Vr||^i(A,\B^(,))=0, 
by the hypotheses volj(M) < oo we can take a sequence — )• +oo such that 



lim 



9f 

9r 



e ^dvolg = 
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and 

lim Vf{ri) = vol/(M). 
Hence, taking — )• (X) in inequality ^ of the proof of LemmaSl we have, 

/ \Aff\e~^dvolg < J(vol/(M) -y/-(ro)) + 2 / \b\ e'^ dvolg 

JM\Bp{ro) 2 JM\Bp{ro) 

+ [ It e-^dvolg 

JdBp(ro) on 

< |(vol^(M)-V>(ro))+ / §^"^^vol,. 
Thereby, as |Vf|< 2, we have 
/ |Ayf| e-^dvol^ < ^(vol/(M) - V>(ro)) + 2vol/(aSp(ro)). 

JM\Bp{ro) ^ 

□ 

Lemma 8. Let M and f be as in the hypotheses of Theorem[l\ and suppose 
vol/(M) < oo. Given e > 0, C > 0, there exist R > large and a sequence 
of real numbers — >• oo such that 

e[vol/(M) - volf{Bp{rk - R))] + C vo\f{dB{rk - R)) < 

2e[vo\f{M)-volf{B{rk))]. 



Proof: If there were not such R and sequence , for all > and r greater 
then some tq we would have 

e(vol/(M) - Vfir - R)) + C volf{dB{r - R)) > 2e (vol/(M) - V/(r)), 

so 

e e-=^/^(vol/(M) -Vf{r-R)) + Ce'^^l^ vol/ (95 (r - R)) > 

2e e"""/^ (vol/(M)-V7(r)), 

and, since [vol/(M) - V}{r - R)]' = vo\f{dB{r - R)), 

(15) [-e-"''/^(vol/(M) - Vf{r - R))]' > 2^ e"^''/^ (vol/(M) - Vf{r)). 
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Hence 



e 

-e" 



^^/^(vol/(M)-1//(r-i?))- 
^(^+^)/^(vol/(M) - y/(r + R)) 



r+R r T / 

.e-^t/C(^yo\f{M)-Vf{t-R)) 



dt 



l-r+R 

> 2- 1^ e-^'/^ {volf{M)-Vf{t))dt 

rr+R 

e 



> 2^{vo\f{M)-Vf{r + R)) j^^ 
= -2(vol/(M) - Vf{r + i?))[e-"('^+^)/^ - e-'''% 

and so 

e-^"/^(vol/(M)-T//(r-i?)) > {wo\f{M)-Vf{r+R))[-e-'^'+^^l^ +2e-''l% 
which, after dividing by e"^^'''^, leads to 

(vol/(M) -Vf{r-R))> (vol/(M) - V>(r + i?))[-e""^/^ + 2]. 
Taking R large, we have —e^^^l'^ + 2 > L > 1 and thus 

(vol/(M) - V/(r - R)) > L(vol/(M) - Vf{r + i?)), 
and, iterating, 

(vol/(M) - Vf{r - R)) > L"(vol/(M) - Vf{r + (2n - 
Therefore, 

vol/(M)-yj(r + (2n-l)i?) < L-'' {vol f (M) -Vf{r - R)) < L~"(vol/(M)). 

The above inequality shows that the /-volume of M decays exponentially, 
contradicting the Theorem [31 

□ 



5. Proof of Theorem [T] 

Now we have studied all the necessary tools, we can proceed with the 
proof of the Theorem [TJ 

According to Corollary [U in order to prove that <Tess(^/) = [0,oo) in 
L^, we need only to construct, for all A > 0, a sequence {ui} C C^{M) 
satisfying 

ll^j|lL°°(M) ~ '^)^'Hl1{M) 

(1) II — II as i — )• oo; 



(2) ttj — )■ weakly; and 

(3) 9(supp(uj)) is a C°° (n — l)-submanifold of M. 
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The construction of such a sequence wih be done as in [9]. 

Given p S M, let r be the C°° approximation for r we have constructed 
in section [3l Let x, y, R, be such that < R < x < y and whose values will 
be chosen posteriorly. Let : — ^ be a cut-off function satisfying 

1, re [x/R,y/R] 
0, r ^[x/R-l,y/R + l] 

so that IV'I and \ip'\ are bounded. 



•i/^(r) 



Given A > 0, we define 



Hence, It/*] < 1 and 



Af(t) + X(l) 



So we have 



-All - iVfp 



|A/(/) + A(?:)| < — + C|A/f| +C|Vf- Vr| 

and therefore, 

||A;<^ + A0||^i(,,) < |(F/(y + fl)-y/(x-i?)) + C75(x-i?) 

(16) +C / |A/f| e-Uvo\g. 

JBp{y+R)\Bp{x-R) 

Now we divide the proof in two cases. 

First we suppose volj(M) = oo. By Lemma [H we choose y large enough 
such that 

(17) / \Aff\ e-fdYolg<eVf{y + R+l). 

JBp(y+R)\Bpix-B) 

On the other hand, fixing x and R with x — R large enough, we have 
^{Vf{y + R)-Vf{x-R)) < e{Vf{y + R)-Vf{x-R)) 

< eVf{y + R + l) 

(18) < 2eVf{y + R + l) 
(in the last inequality above we have used Lemma [2|) and 

(19) C6{x-R) <sVf{y + R+l). 
By using ([I7D, ([l8]) and ([HD in (fH]), we get 

\\Af4> + X4>\\^^^M^<4eVf{y + R+l). 
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Since (j) = I in Bp{y) \ Bp{x), we have ||(A|li2(Af) > ^fiv) - ^fix) 



Fixing X and taking y large enough, 11011^2 (^j) > ^Vf{y), and using LemmaO 
— By Lemma El taking y even larger we have 

Vf{y + R + 1) < 2Vf{y), so, 



L-(M) -^)'^IIlI(m) 4eVf{y + R + l) 8eVf{y) 



Thus, since ||'^||^oo(j\//) — 1) W6 have constructed a compactly supported 
function 6 such that 



< 32e. 

L)(M) 



for an arbitrarily small e > 0. 

In order to obtain the desired sequence n„, we consider, in the above 
construction, e = 1/n and Un = 0, with x greater than the o value oi y + R 
of the construction of Un-i- 

We will now prove the case where volj(M) < oo. 
In the construction of f in Proposition [3l we take 6 such that 



(20) 5{r) < -(vol/(M) - Vf{r)). 



By Lemma [71 we can choose x large enough so that 



/ |Ajf| e ^ d\o\g < I |Ajf| e ^ d\o\g 

J Bp{x+R)\Bp{x-R) JM\Bp{x-R) 



< e(vol/(M) - Vf{x - R)) 
+2 vol f{dBp{x -R)). 
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By using this in (fT6]l , we have 

l|A/<^ + A<^||^i(,,) < ^(Vf{y + R)-Vfix-R)) + C5{x-R) + 

+ Ce(vol/(M) - Vf{x - R)) + 2C volf{dBp{x - R)) 

< ^{volf{M)-Vfix-R)) + Cd{x-R) + 

+ Ce(vol/(M) - Vf{x - R)) + 2C Yo\f{dBp{x - R)) 

< 2^{volf{M)-Vf{x- R)) + C6{x- R) + 

R 

+ Ce(vol/(M) - Vf{x - R)) + 2C Yolf{dBp{x - R)) 
- ^ii^^) (vol/(M) - Vf{x - R)) + C6{x -R) + 
+2C \o\f{dBp{x - R)) 

(in the third inequahty above we have used Lemma [5]). 

Since M has finite /-volume, and by ([2n]) . we may choose R and x so that 

2 

and 

5{x -R)< e(volj(M) - Vf{x - R)). 

Thus 

||A/(/. + MWl^i,!^ < 3C7e(vol/(M) - Vf{x - R)) + 2C volf{dBp{x - R)). 
By Lemma El taking x even larger, 
3e(vol/(M) - Vf{x -R)) + 2 volf{dBp{x - R)) < 6e (vol/(M) - Vf{x)), 
therefore, 

(21) II A/<^ + A0||^i(,,) < 6e C(voV(M) - Vf{x)). 

Using again the finite /-volume of M, making y large enough, we get 
Vf{y) - Vf{x) > ^(vol/(M) - Vf{x)) > ^(vol/(M) - V>(x)), 
and, by (f2T]) . we have 

l|A/</' + A0lLi(M) < eeC{volf{M)-Vf{x)) 

< 24e C{Vf{y)-Vf{x)) 

< 24e \ml2^M)- 
The proof follows now the case of infinite /-volume. 
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Remark 4. In [2j, N. Charalambous and Z. Lu proved that the essential spec- 
trum of Af is [0,00) under the assumptions that Ricj > — (5^(r), 
hm^^Koo ^if) = and the /-volume of M volume does not decay exponen- 
tially if it is finite. Here Ricj = Ric/ — ^df df and q > 0. 

Remark 5. In a previous version of this paper, we proved a particular case 
of Theorem [H assuming the stronger hypothesis |/|< k. In this case, G. 
Wei p4j proved that Cr < vol/(i?p(r)) < Cr'^'^^^. These estimates make 
the proof of the particular case simpler, since the case vol/(M) < 00 never 
happens and the conclusion of Theorem [2] follows automatically. 



6. Estimates for Ar and vol(i?p(r)) and the proof of Theorem [3] 

In this Section, we suppose that Ric/ > 1/2 and |V/P< / and present 
some estimates for A.^ and V{r) := vol{Bp{r)). Here, we consider the ap- 
proximation f of r := d{p, ■) of the end of section [3l 

Lemma 9. // Ric/(Vr, Vr) > i and |V/p< /, then 

lim Ar < 0. 

r— >-oo 



Proof: Let 'y{t) be a minimizing geodesic from pQ. Denoting f{t) = f{'y{t)), 
we have 

= ^A|Vrp= |Hessrp-F (VAr, Vr) -FRic(Vr,Vr) = 

= (Ar)' + |Hessr|^-FRic(Vr, Vr), 

(Ar)' = — |Hess rp— Ric(Vr, Vr) 

= - 1 Hess r p - Ric/ ( Vr, Vr ) Hess / ( Vr, Vr ) 



so 



n-1 2 
(Ar)2 1 
n-1 ~ 2 



+ f". 



Therefore, 



Ar(r) - Ar(to) < ^ AAr)^^* - ^ + | + fit) - /'(to). 



By im Proposition 4.2], there exists c such that 
\{t-cf<f<\{t + cf, 
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thus, taking the lowest positive number to = to(7) such that /'(to) ^ and 
using \f{t)\< |V/|(7(t)) < vTM < hit + c), we have 

Ar(t) < / (Ar)2dt-| + | + i(t + c) + Ar(to) 

n-l Jto 222 

= ^— fiArfdt + Co, 



where 



C^o = Co(7) = | + | + Ar(to). 



Taking ti such that Hh-cf > f{p) = /(O), we have /(ti) > /(O). There- 
fore, ^0(7) ^ ^1 foi' all minimizing geodesic 7 and, setting Ci = sup^Co(7), 
we get 



1 r* 

Ar(t) < / {Arfdt + Ci, 



which proves that Ar{t) is a decreasing function. Given e > 0, taking 
R> e-'^ + Cie"^ + ti we have Ar(2;) < e for ah x G M \ Bp{R). 

□ 

By im Theorem 1.4], we have the following volume estimates. 

Lemma 10. In the hypotheses of Theorem^ 

(1) Yo\{Bp[r)) has Euclidean volume growth, i.e., there exists C > 
such that 

wo\{Bp{r)) < Cor''. 

(2) vol (-Bp (r)) has at least linear volume growth, i.e., there exists c > 
such that 

vol(i?p(r)) > cr. 

Notice that, in particular, the conclusion (2) in the above Lemma ensures 
that vol(M) = 00. This, together with Lemma El leads us to the following 
results, whose proofs are analogous to Lemmas [6] and [H 

Lemma 11. In the hypotheses of Theorem^ for R > 0, there exists a se- 
quence r^ — >• 00 of real numbers such that vol{Bp{rk+R+l)) < 2 vol(-Bp(rfc)). 

Lemma 12. In the hypotheses of Theorem [7| for all e > and to large 
enough, there exists R = R{£, to) such that, for t > R, 

/ \Af\dYolg < £vol{Bp{t + l)). 

J Bp{t)\Bp{to) 

The Theorem |4] can now be proved by constructing the same sequence 
of functions of the proof of Theorem [H replacing Lemmas [6] and H] by their 
corresponding versions in the new hypotheses. Lemmas [TT] and [12] above. 
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